Abstract. Let f be a transcendental meromorphic function, defined in C. In this paper, we give quantitative estimations of the characteristic function T (r, f ) in terms of the counting function of a homogeneous differential polynomial generated by f . Our result improves and generalizes some recent results.
Introduction
Throughout of this article, we adopt the standard notations and results of classical value distribution theory [See, Hayman's Monograph ( [2] )]. A meromorphic function g is said to be rational if and only if T (r, g) = O(log r), otherwise, g is called transcendental meromorphic function. Let f be a transcendental meromorphic function, defined in the complex plane C.
We denote by S(r, f ), the quantity satisfying S(r, f ) = o(T (r, f )) (r −→ ∞, r ∈ E), where E denote any set of positive real numbers of finite linear measure, not necessarily the same at each occurrence. In addition, in this paper, we also use another type of notation S * (r, f ) which is defined as S * (r, f ) = o(T (r, f )) as r → ∞, r ∈ E * , where E * is a set of logarithmic density 0. Through out this paper, by a "small function" with respect to f , we mean a meromorphic function b = b(z)( ≡ 0, ∞) satisfying T (r, b) = S(r, f ) as r −→ ∞, r ∈ E.
In 1979, Mues ([7] ) proved that for a transcendental meromorphic function f (z) in C, f 2 f ′ − 1 has infinitely many zeros. Later, in 1992, Q. Zhang ([11] ) proved the quantitative version of Mues's Result as follows:
Theorem A. For a transcendental meromorphic function f , the following inequality holds :
T (r, f ) ≤ 6N r, 1 f 2 f ′ − 1 + S(r, f ).
In this direction, Huang and Gu ( [3] ) further improved the result of Mues( [7] ) as follows:
Theorem B. Let f be a transcendental meromorphic function and k be a positive integer. Then
The next theorem is an immediate corollary of Theorem 3.2 of Lahiri and Dewan ( [5] ).
Theorem C. Let f be a transcendental meromorphic function and a be a non zero complex constant. Let l ≥ 3, n ≥ 1, k ≥ 1 be positive integers. Then
Next we recall the following definition:
. . , q kj be non negative integers. Then the expression
is called a differential polynomial generated by f of degree d(P ) = max{d(M j ) : 1 ≤ j ≤ t} and weight Γ P = max{Γ M j : 1 ≤ j ≤ t}, where T (r, b j ) = S(r, f ) for j = 1, 2, . . . , t.
The numbers d(P ) = min{d(M j ) : 1 ≤ j ≤ t} and k(the highest order of the derivative of f in P [f ]) are called respectively the lower degree and order of P [f ].
The differential polynomial P [f ] is said to be homogeneous if d(P )=d(P ), otherwise, P [f ] is called non-homogeneous Differential Polynomial.
We also denote by ν = max
) is nothing but a differential monomial, so in connection to Theorem C, the following questions are natural: (1) T (r, f ) ≤ B 1 N r,
where M[f ] is any differential monomial as defined above generated by a transcendental meromorphic function f and c is any non zero constant.
In ([1]) , the second author of this paper gave affirmative answers to the above questions as:
q k be a differential monomial generated by f , where a be a non zero complex constant; and k(≥ 2), q 0 (≥ 2), q i (≥ 0) (i = 1, 2, .., k − 1), q k ≥ 2 be integers. Also we put µ = q 0 + q 1 + ... + q k and
where S * (r, f ) = o(T (r, f )) as r → ∞, r ∈ E, E is a set of logarithmic density 0.
Clearly, Theorem D improves, extends and generalizes the result of Lahiri and Dewan ( [5] )and generalizes and extends the result of Jiang and Huang ([4] ).
q k be a differential monomial generated by f , where a be a non zero complex constant; and
where S(r, f ) = o(T (r, f )) as r → ∞, r ∈ E, E is a set of finite linear measure.
q k be a differential monomial generated by f , where a be a non zero complex constant; and k(≥ 1), q 0 (≥ 1), q i (≥ 0) (i = 1, 2, .., k − 1), q k ≥ 1 be integers. Also we put µ = q 0 + q 1 + ... + q k and
The aim of this paper is to extend "Theorem D -Theorem F" for homogeneous differential polynomials. Before going to our main results we first explain some notations and definitions. Definition 1.2. Let k be a positive integer, for any constant a in the complex plane. We denote i) by N k) (r,
) the counting function of a-points of f with multiplicity
) the counting function of a-points of f with multiplicity ≥ k. Similarly, the reduced counting functions N k) (r,
) and N (k (r,
) are defined.
Main Results
Theorem 2.1. Let f be a transcendental meromorphic function and P [f ] be a homogeneous differential polynomial of degree
where S * (r, f ) = o(T (r, f )) as r → ∞, r ∈ E, E is a set of logarithmic density 0. 
Example 2.2. Let us take f (z) = e −z and 
where S(r, f ) = o(T (r, f )) as r → ∞, r ∈ E, E is a set of finite linear measure and q * = t min j=1 {q 0j }. 
The next lemma plays the major role to prove Theorem2.1, which is a immediate corollary of Yamanoi's Celebrated Theorem( [9] ). Yamanoi's Theorem is a correspondent result to the famous Gol'dberg Conjecture.
Lemma 3.2. ([9]
) Let f be a transcendental meromorphic function in C and let k ≥ 2 be an integer. Then
where S * (r, f ) = o(T (r, f )) as r → ∞, r ∈ E, E is a set of logarithmic density 0. Proof. Let us assume that
for some constant C. If C = 0, then there is nothing to prove. Thus we assume that C = 0. Then from equation(3.1) and Lemma of logarithmic derivative, we have
Since q 0j ≥ 1, it is clear from equation (3.1) that
Thus T (r, f ) = S(r, f ), which is absurd since f is transcendental meromorphic function. 
Proof. Assume that P [f ] ≡ 0. Then by Lemma 3.3, we have b(z)P [f ] ≡ non-zero constant. Thus we can write 1
Thus in view of First Fundamental Theorem, Lemma 3.4 and Lemma 3.1, we have 
where N 0 (r, Proof. Clearly
where N ⋆ (r, ′ which comes from the zeros of f .
Let z 0 be a zero of f with multiplicity q such that b j (z 0 ) = 0, ∞. Thus two cases may occur:
where
Assume that P [f ] ≡ 0. Now using Lemma 3.5 and the inequalities (3.7),(3.8), we have
Proof of the Theorems
Proof of Theorem 2.1. Given that f is a transcendental meromorphic function and k ≥ 2, q 0j ≥ 2, q kj ≥ 2 for 1 ≤ j ≤ t. Assume that P [f ] ≡ 0. Now
Now in view of equation (4.1) and Lemmas 3.2, 3.5, we have i.e.,
This completes the proof. i.e.,
This completes the proof. This completes the proof.
